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What is the Rank of the Demjanenko Matrix? 
H. G. FOLZ AND H. G. Z IMMER 
Fachbereieh 9 Mathematik, Universitiit des Saarlandes, 
D-6600 Saarbriieken, F.R.G. 
In connection with a boundedness theorem for the torsion of an elliptie curve over an algebraic 
number field, one encounters the question about he rank of a certain matrix O A = Da(p) over 
D:~, the so-called Demjanenko matrix, which depends only on a fixed prime p >t 5 and a given 
subset 
. . . . .  . . . . .  
We derive a lower estimate for the rank of D A and pose the problem of determining the exact 
rank of D a. 
1. Introduction 
The Demjanenko matrix plays a crucial role in connection with a boundedness theorem 
for the torsion of an elliptic curve (Folz, 1985). 
For  a fixed positive rational integer p > 1 and an arbitrary real number a, we denote by 
{a} (resp. {a}p) the distance of a to the nearest integer in 7/(resp. in pZ). Hence, we have 
{a} = min (a - [ -a] ,  (['a'l + 1 ) -a ) ,  
where I-a] ~ 7/designates the greatest integer not exceeding a such that [a] -N< a < [a]  + 1, 
and we find that 
F rom now on, let p be any fixed prime >i 5. We consider the set 
T = {(m, n )eZa l  1 <~m, n<p, rn~ +_n(mod p)} 
of pairs of rational integers of cardinality 
t = # r = (p -  1 ) (p -  3). 
For  each subset 
A={cq, . . . , c~k}cP={1,2 ,_  . . . P - l}2  
of cardinality 
k =#A 
and for any positive integer i ~ { 1, 2 . . . . .  k}, we define a mapping 
~A : T-~ n:2 
of T into the prime field F a of characteristic 2 by setting 
{10} t e•(m, n) = according as {ma~}p- {nai}v <0 " 
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Now, letting (m s, nj) range over the t pairs of integers in T arranged in any order, we 
define the Demjanenko matrix with respect o the prime p and the set A ~ P as 
D A = DA(p) = 
\ ~(m,, n,) 
We wish to pose the following questions• 
... ~(,n~, ,7,) I 
• t ,k  
~:2 . 
. . ,  #(m, ,n , ) /  
QUESTION I. For which primes p does the Demjanenko matrix have the full rank 
rk D a = k 
for each subset A c_ p of cardinality k? 
This question will be tackled by examining D = D "~ for A = P. 
QUESTION 2. How to characterise, .g. by congruence relations, those primes p./br which the 
rank of the Demjanenko matrix drops, i.e. 
rk D "~ < k, 
for some subset A c_ p of cardinality k? 
We calI these latter p exceptional primes. 
QOESTION 3. For the exceptional primes p, to what extent can the rank of the Demjanenko 
matrix drop, i.e. how to estimate the difference 
k - rkD A 
for the subsets A ~ P of eardinality k? 
2. Numer ica l  Resu l ts  
A computer-assisted calculation produced the numerical results on the rank shown in 
the table below. For the sake of reducing the amount of computation, instead of the 
Demjanenko matrix D A itself, the following submatrix D 'a of D A was used in order to 
calculate the rank of D A. By restricting the mappings ~A to the subset 
T '={(m+l ,m-1)~Z2,m=2,3 , .  P2 1}-  
we define, for any fixed subset 
new mappings 
from the set 
to the field U: 2 via 
- ' 2 ' 
~'i "t : P + 1 ~ IF z 
P+I  ={2,3,. . . , - -P+I}2 
a~A(,n) : = a~(m + 1, m-  1) 
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for i = 1 . . . . .  k. This yields the submatrix 
) 
. . . .  \ - -T - / t  
of the Demjanenko matrix O A itself. If D 'a has full rank k, then so does D A. The converse, 
however, need not be true. 
In this way, of the first 132 primes p/> 5, at most 21 turn out to be exceptional. The 
rank of D = D a was calculated with respect to the maximal set A =P of cardinality 
k = (p -  1)/2, and the full rank rk D = (p -  1)/2 was obtained by means of the submatrix 
D'= D 'p except for the 21 primes p marked by an asterisk in the table below. The first 
three exceptional primes are 
p=29,113and 163, 
where the rank is 
rkD=l l ,  53and79,  
instead of the non-exceptional values 
p -1  = 14, 56 and 81, 
2 
respectively. Here the difference k- - rkD is at most 3, whereas in Table 1 (below) the 
maximal difference is 10. For the above three primes, the matrix D' yielded already the 
exact rank of D. However, for the remaining potentially exceptional primes p > 200 in the 
table, due to lack of computer time, we have not checked a sufficient number of 
submatrices of D. It is, therefore, not quite sure, though rather likely, that all the primes 
marked are indeed exceptional. 
To illustrate the calculations which led to the table, we exhibit here some examples of 
the Demjanenko submatrices 
D' = D'(p) = (e'~(m))m = 2 . . . . .  p+ 1: i=  1 ,2  . . . . .  p -  1 
2 2 
of D = D(p), where e' i denotes the function z'f A for A = P and p ranges over some small 
primes. 
p=5 
, m\ i  I 1 2 
2 I 1 0 
3 0 1 
rk 0(5) = 
rk D'(5) = 2 
p=7 
_m\i 1 2 3 
2 1 00-  
0 I 0 
rk D(7) = 
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Table 1. The rank of the Demjanenko matrix D 
p rank p rank p rank p rank 
5 2 151 75 347 173 557 278 
7 3 157 78 349 170" 563 281 
1l 5 163 79* 353 176 569 284 
13 6 167 83 359 179 571 285 
17 8 173 86 367 183 577 288 
19 9 179 89 373 181" 587 293 
23 1I 18l 90 379 189 593 296 
29 11" 191 95 383 191 599 299 
31 15 193 96 389 194 601 300 
37 18 197 95* 397 194" 607 301" 
41 20 199 99 40l 200 613 306 
43 21 211 105 409 204 617 308 
47 23 223 Il l  419 209 619 309 
53 26 227 113 421 206* 631 315 
59 29 229 114 431 215 641 320 
61 30 233 116 433 216 643 321 
67 33 239 116" 439 219 647 323 
7~ 35 241 120 443 22t 653 326 
73 36 251 125 449 224 659 326* 
79 39 257 128 457 228 661 330 
83 41 263 131 461 230 673 336 
89 44 269 134 463 228* 677 338 
97 48 271 135 467 233 683 336* 
101 50 277 134' 479 239 691 345 
103 5! 281 140 487 243 701 347* 
107 53 283 141 491 239* 709 350* 
109 54 293 146 499 249 719 359 
113 53 * 307 153 503 251 727 363 
127 63 311 145' 509 254 733 366 
131 65 313 156 521 260 739 369 
137 68 317 158 523 261 743 371 
139 69 331 165 541 270 751 371" 
149 74 337 162' 547 271' 757 378 
PROOF. It suffices to show that the k column vectors of D a over f2 are mutually distinct. 
This is true because a vector space of dimension r over D:2 contains exactly 2 r distinct 
vectors. Hence, if D a has rank r and contains k distinct column vectors, we conclude that 
2 r >~ k, whence r >1 logzk. 
Let us now prove that the k column vectors of D a are mutually distinct. This is 
accomplished by verifying that, for any two numbers i , je{1 ,  2 . . . .  , k} such that i C j, 
there exists a pair (m, n)e T, which fulfils the inequalities 
b-  < 0, {m Ap- > 0. 
But such a pair is found in accordance with the congruence relations 
m -= a 71 (mod p), n -= a]- 1 (mod p). 
For this pair we have 
noq, maj ~ _ 1 (rood p), 
since ai, a j~P,  and we infer that 
- = {m Ap- 1 > o, 
as desired. 
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The estimate for the rank of D "4 given in Theorem 1 can be considerably strengthened if 
one chooses A to be the maximal set 
A=P 
of cardinality k = (p -  1)/2. 
THEOREM 2. The rank qf  the Demjanenko matrix D = D a with respect o an arbitrary prime 
p and the maximal set A = P ofcardinality k = (p -  1)/2 satisfies 
rk D >1 2I-V/p] - 3. 
PROOF. We prove the asserted inequality by constructing a suitably large triangular 
submatrix of D. To this end we need three lemmas. Let us denote by a t the function a~ 
for A=P.  
LEMMA 1. For m, n ~ P such that m < n, we have 
~t(m, n) = 0 
whenever 
p -1  
i<<. - -  
m+n" 
PROOF. By definition of 8i we must show that 
{mi},-- {ni}p < 0 for  i <~ - -  
If 
we obtain 
and hence are done. 
Suppose, therefore, that 
This assumption leads to 





{mi} p-- {ni} ~ = mi -n i  < 0 
p -1  p -1  
- -< i  < ~  
2n m+n 
p-1  p -1  
- -<n i<,n  <p- l<p 
2 m + n 
and 
(m+n) i<~p-1  <p,  
such that 
p -1  
mi < - -  
2 
Hence, in this case, we see again that 
{mi}~,-{ni}~ -- mi - (p -n i )  = (m+n) i -p  < O. 
Now let us consider the set 
B={f l  3 . . . . .  tip_2 ,flj = I~ l  fo r j=  3, 4 . . . . .  p -2} .  
We get a triangular matrix by virtue of the following fact. 
60 H.G. Folz and H. G. Zimmer 
LEMMA 2. For each flieB, there exist numbers m, neP  with m < n such that 
gi(m, n) = O for i = 1,2 . . . . .  flj 
and 
s/m, n) = l for i = flj+ l. 
PROOF. By Lemma 1, for m, n eP  such that m < n and m+n-~j ,  we have 
st(m, n) -- 0 for i=  1,2 . . . . .  fl2. 
It remains, therefore, to show that among these pairs (m, n) there is at least one such that 
~i(m, n) = 1 for i = flj+ 1. 
We note first that the following inequalities are a consequence of our hypothesis: 
(m+n)f l j<.p- l  <p<(m+n)( f l i+ l )<. (p - l )+m+n<~Z(p- - l )<2p.  (*) 
Now we have to consider four possible cases. 
CASE 1. m(Bj+ 1) <~ (p-- 1)/2 and n(/~j+ 1) < p. 
Then, by (,), (p -  1)/2 < n([t;+ 1) and, again by (,), we derive the inequality 
{m(flj+ i)}~- {n(flj + 1)}, = m(fli+ 1)- (p-n( f l j+ 1)) 
= (m+n)(flj+ 1) -p  > 0. 
CASE 2. m(fli+ 1 ) ~< (p-- 1)/2 and n(fli+l ) > p. 
Then, by (,), n(fl;+ 1) ~ p+(p--  1)/2, so that 
+ 1)},- 1)}p = m( j+ 1)-(n(pj+ 1)-p) 
= 1). 
Now, since p i> 5, and 
[p -1 ]p - - lp - - I  
= -<,T ; - ;  < 3 , 
if we choose m, n e P in accordance with n-m ~< 2. we arrive at 
{m(fl2+ 1)}, -  {n(flj+ 1)}~ = p- (n -m)( f l j+  1) > O. 
CASE 3. m(flj+ 1) > (p-- 1)/2 and n(flj+ 1) < p. 
Here we must have m(fij+ 1) ~< p because m(flj+ 1) > p would imply that n(flj+ 1) > p 
since n > m, Similarly, weknow that (p -  1)/2 < n(flj+ 1) because n(flj+ 1) ~ (p -  1)/2 would 
imply that m(flj+ 1) < (p -  1)/2 since m < n. Altogether these facts yield 
{m(fl)+ 1)},-- {n(flt+ 1)}, = (p-m(fld+ 1))-(p--n(fl j+ 1)) 
= (n-m)(f l j+l) > O. 
CASE 4. m(fli+ 1) > (p-- 1)/2 and n(flj+ 1) > p. 
Here it follows that m( f l j+ l )~p for otherwise m(fl j+l)>p would imply that 
(m + n)(flj + 1) > 2p which contradicts (,). Also we must have n(fij + 1) ~< p + (p -  1)/2 since 
otherwise n(flj+ 1) > p + (p-1) /2  would lead to (m+ n)(flj+ 1)> p + (p -1 )  and hence to 
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(m+n)(fll+ 1)>/2p, which again contradicts (,). Therefore, by virtue of (,), we end up 
with 
{m(fli+ l)}v- {n(fli+ I)} v = (p-m(~jq- I ) ) -  (n(fly+ l)-p) 
= 2p-(m+n)([tj+l) > O. 
By definition of ~, this establishes the proof of Lemma 2. 
The above construction produces a submatrix of D of rank >~ # B. It remains therefore 
to find an estimate for the cardinality of the set B. 
LEMMA 3. The set 
rl__,-, . } B= . . . . .  fl,_2,~i= L---:--dfo,.j= 3, 4 . . . . .  p -2  
has cardinality 
PROOF. For any j e {3, 4 . . . . .  p--3}, let us consider the difference 
p -1  p -1  p -1  
j 1+1 j( j+ 1)' 
There are two possible cases. 
CASE 1. j ( j+ l )>p- -1  and thus 
p -1  
Let J0 e {3, 4 . . . . .  p -  3} denote the minimal value of j  satisfying j ( j+ 1) > p -  1. Then 
Jo = [[x/~] ~" [v/~]+ 1}according as [x/~]([w/-p] +1){>} p -  1 .~<
Using the hypothesis j ( j+ 1)> p -1  and the properties of the symbol [], one derives in 
this case for the difference the possible values 
F -'l 
T]  - U--+-Tj = {~} • 
Therefore, each value from 
/~p-2=[~--~] p - I  = i  to f l i o=[ / -~]  p -1  =[-v/~ ] 
is assumed in B as we see by looking at the growth of 
[.11 ~j= --f- 
in steps of 1 as j ranges over the values p-2 ,  p -3  . . . . .  Jo. Hence, in this case we get at 
least [x/~] different values in B. 
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CASE 2. j ( j+l )  ~< p-  1 and thus 
Here we conclude that 
p -1  
>11. 
l 
J J Lj+IA >~I" 
Therefore, in this case all the values f13, f14 . . . . .  flJo- 1 are distinct and we get another 
[x /@] -2)  different values in B according as J0 = ~-[x/P] + 1 
On combining these two cases we end up with the asserted estimate 
# 8 = + _ 2 
Thus Theorem 2 is established. 
4. Application to Elliptic Curves 
In Folz (1985) the first author proved the boundedness conjecture for the torsion group 
of a 2-deficient elliptic curve E over an algebraic number field K: If p is the prime order of 
a torsion point on E over K, then p ~ C(K) for a bound C(K) depending only on the 
ground field K. Here an elliptic curve over K is called 2-deficient if it is given by an 
equation of the form y2 = x(x2+ a2 x + a4) with integer coefficients a2, a4 in K such that 
both a 4 and a~-4a 4 are squares of integral divisors of K. 
The bound C(K) can, in fact, be made more explicit. Suppose that E has semi-stable 
reduction at all finite places of K and has multiplicative reduction at the finite places 
dividing 2. Assume, furthermore, that the given torsion p.oint of order p and all its 
multiples have integer coordinates in K. Let R denote the rank of the elliptic curve 
y2= x 3_x over a certain finite field extension L of K depending only on K. Then we 
obtain the "explicit" bound (see Zimmer, 1986) 
p <~ C(K) = 22~"(3~) a+l, 
if p is a non-exceptional prime, and 
p <~ C(K) = 22X"(32~÷I-l~R+l), 
if p is exceptional. Here u stands for the number of infinite primes of L and ~ designates a 
constant depending only on K. 
This shows the significance of the distinction between exceptional and non-exceptional 
primes. It is actually this boundedness theorem in connection with which the problem of 
the rank of the Demjanenko matrix arose. 
The above bound with respect o exceptional primes p, which corresponds to the worst 
case, was derived on the basis of Theorem 1. It would, therefore, be desirable to sharpen 
this theorem as follows: 
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CONJECTURE 1, The rank of the Demjanenko matrix D A with respect o an arbitrary prime p 
and any subset A ~_ P of cardinality k satisfies 
rk D A >i cx/rk 
with a constant c not depending on p. 
If true, Conjecture 1 would improve the above worst-case bound (cf. Folz, 1985, 
p. 76) to 
p ~ C(K)= 22x"(3~ '"+ t)2x"+'). 
Of course, it would be important o determine the exceptional primes in the sense of the 
above Question 2. They are expected to occur only rarely--as Table 1 shows. But for 
them one should strengthen Theorem 2 as follows. 
CONJECTURE 2. The rank of the Demjanenko matrix D = D a with respect to an arbitrary 
prime p and the maximal set A = P of  cardinality k = (p -  1)/2 satisfies 
rkD >p- -1  --~-- - -  C 
with a constant c not depending on p. 
If true, Conjecture 2 would almost yield the optimal bound obtained above in the case 
of non-exceptional primes, viz. 
p <~ C(K) = 22x"3c(3~) R+ t 
but this time for all primes p, exceptional or non-exceptional. 
It would be most desirable to prove Conjecture 2, but this seems to be a rather difficult 
task. There appears to be a better chance to establish Conjecture 1 instead. To this end, it 
might be more promising to use the submatrix D 'A instead of the Demjanenko matrix D A 
itself because D 'A is easier to handle. 
In any case, and independently of this relationship to elliptic curves, it would be 
interesting to answer the above questions 1-3. 
We wish to thank the referees for some valuable hints and for the suggestion to include some 
examples. 
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Appendix 
In conclusion, we display here three examples of the enlarged Demjanenko submatrix 
(Figs 1-3) 
and two examples of the ordinary Demjanenko submatrix (Figs 4 and 5) 
D' = D'(p) = (el(m)). , = 2 ..... (v+ ()/2: i= (, 2 ..... (o- o/-" 
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To make the distribution pattern of ones and zeros more transparent, we have replaced 1 
by an asterisk and 0 by a hyphen. Recall that p = 29, 113 and 163 are exceptional primes, 
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rk O (29) = rk D' (29) = 11 




























30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  :. 
^ 
rk O (31) = rk D' (31) = 15 
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7 I t,4..l(-.~-i-t.l~ . . . . . .  , i f - I . ; t~ . t i c t  t . . . . . .  ~-4,~-i, t l~t~l .  . . . . . .  f f , iF4~4-t4t, i t  
21 / ~-- -1~/FIF ' -~c~FI lF ' - ' t~-- -  f f f " - - f  ~11¢----11F~ ---t1~/~IF---~ 'it---IF IF IF--IF ~ ~ 
rkD(113)=rkD' (113) = 53 
Fig. 4. p = 113. 
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rkD (163)=rk D' (163) =79 
Fig. 5. p = 163. 
